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In this paper we show how relativistic effects can be included in the time-dependent
density-functional theory ~DFT! for the optical response properties of nonmetallic crystals. The
dominant scalar relativistic effects have been included using the zeroth-order regular approximation
~ZORA! in the ground-state DFT calculations, as well as in the time-dependent response
calculations. We show that this theory can also be applied to indium antimonide in the zinc-blende
structure, notwithstanding the fact that it turns into a semimetal when scalar relativistic effects are
included. Results are given for the band structure, the static dielectric constant e‘ and the dielectric
function e(v), for the various levels on which relativity can be included, i.e., nonrelativistic, only
in the ground-state, or also in the response calculation. Comparisons of our calculated results are
made with experiment and other theoretical investigations. With the inclusion of scalar relativistic
effects, the band structure of InSb becomes semimetallic within the local density approximation and
we find a deviation of 5% from experiment for the static dielectric constant. Also the dielectric
function is improved and the spectra are in good agreement with experiment, although the spectral
features are shifted to somewhat lower energies compared to experiment. © 2001 American
Institute of Physics. @DOI: 10.1063/1.1334615#I. INTRODUCTION
In a recent paper1 we found that time-dependent density-
functional theory ~TDDFT!2 in the adiabatic local density
approximation ~ALDA! works very well for a large range of
nonmetallic crystals, for which we achieved, on average, an
accuracy of about 5% compared with experiment. A clear
exception, however, was found for InSb in the zinc-blende
structure (a56.48 Å!, for which the predicted static dielec-
tric constant was underestimated by about 40% compared
with experiment.3 Simultaneously we found a considerable
overestimation of the experimental band gap, 0.99 eV DFT-
LDA, in comparison with experimental band gaps of 0.17
eV4 (T5300 K! and 0.23 eV5 (T50 K! for this small-gap
semiconductor. This overestimation of the band gap is in
clear contrast with the general trend which is observed in
LDA band structure calculations, i.e., that the band gaps are
generally underestimated by about 50%. The inclusion of
scalar relativistic effects within the zeroth-order regular ap-
proximation in our full-potential ground-state DFT-LDA
band structure calculation causes the lowest s-like conduc-
tion band to be stabilized considerably more than the upper
p-like valence bands. The band order is changed in the center
of the Brillioun zone ~BZ!, which results in a vanishing band
gap, and consequently the incorrect prediction of the InSb
crystal being a semimetal. A simular result was found in the
fully relativistic linear-muffin-tin-orbital method ~LMTO! of
Cardona et al.6 and in the full-potential scalar relativistic lin-
ear augmented plane-wave ~FLAPW! calculation of Guo
et al.7 In this paper we investigate the effects on the optical
a!Electronic mail: F.KOOTSTRA@CHEM.RUG.NL1860021-9606/2001/114(4)/1860/6/$18.00
Downloaded 27 Jan 2006 to 129.125.25.39. Redistribution subject toresponse properties of InSb after including scalar relativistic
ZORA in the ground-state DFT, as well as in the time-
dependent response calculations. The outline of this paper is
as follows. First we show the way in which scalar relativistic
ZORA is incorporated in the present TDDFT calculations,
and validate the use of the TDDFT equations in this special
case of semimetallic InSb. This is followed by a section
about the method and implementation. Then, in the next sec-
tion, we present the results for the band structure, the dielec-
tric constant and function for InSb, and compare these with
experimental data. Finally, in the last section, we draw the
conclusions.
II. THEORY
Scalar relativistic ~SR! effects can be included in the
ground-state DFT calculation as described by van Lenthe
et al. in Refs. 8 and 9 and Philipsen et al. in Ref. 10, by






in which p52i„ , c the velocity of light, and veff(r) the
self-consistent effective potential. This results in a semime-
tallic band structure for InSb, the bottom s-like conduction
band is lowered in energy, below the top p-like valence band
in the center of the BZ. The Fermi energy coincides with the
three degenerate energy bands of p-character at G . Two of
these are completely occupied and one is unoccupied, hence
there is no Kohn–Sham band gap. However, the Fermi-
surface reduces to a point (G), and more importantly, the0 © 2001 American Institute of Physics
 AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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case we expect no intraband contributions so we can use our
TDDFT formulas1 as before. The susceptibility of this iso-
tropic material follows as one-third of the trace of the sus-
ceptibility tensor according to2
xe~v!5
1
3 (i H 21v2V @dJp~v!2dJp~0 !# iUE52iveiJ ,
~2!
in which the macroscopic paramagnetic current dJp(v) that
is induced by a macroscopic electric field E(v) is obtained
from
dJp~v!5E E S iv x jj~r,r8,v!Emac~v!
1x jr~r,r8,v!dveff~r8,v! D dr8dr. ~3!
Here the induced effective potential dveff(r8,v) is lattice
periodic and comprises the induced microscopic part of the
Coulomb and exchange-correlation contributions. It is a
functional of the induced density and in linear response it




where the ground-state expression is used for the functional
dependence of the veff@r#(r). The induced density is ob-
tained by solving the following equation self-consistently:
dr~r,v!5E S iv xrj~r,r8,v!Emac~v!
1xrr~r,r8,v!dveff~r8,v! D dr8. ~5!





4p3 (i ,a E




in which i runs over all occupied and a over all virtual band
indices. The operator aˆ and bˆ are either the density or the
current operator. The acronym c.c.(2v) denotes the com-
plex conjugate expression at negative frequency. The Bloch
functions cnk(r) are the solutions of the ground-state ZORA
equation with eigenvalues enk
F2„ c22c22veff~r! „1veff~r!Gcnk~r!5enkcnk~r!. ~7!
The four appearing kernels are obtained by substituting for aˆ
and bˆ either rˆ 51 or the relativistic velocity operator jˆ,




where h.a. is the Hermitian adjoint expression. As can be
seen by inspecting Eqs. ~3! and ~5!, the factors involving the
operator jˆ are always integrated, so that only the values of
the matrix elements matter. The absence of an energy gap,
and the quadratic dispersion of the valence and conduction
bands make it necessary to investigate the small-frequency
behavior of the response kernels. In the Appendix we show
that all off-diagonal matrix elements are of the order
O(uku2), thus falling-off sufficiently fast to smooth any sin-
gular behavior near v50, such that the electrical suscepti-
bility has the asymptotic behavior xe(v)’xe(0)1O(Av).
III. METHOD AND IMPLEMENTATION
The ground-state DFT calculations are performed by us-
ing the Amsterdam Density Functional BAND-structure pro-
gram ~ADF-BAND!.11,12 The general characteristics of this
implementation are described in Ref. 1 and more specific
details can be found, e.g., about the accurate numerical inte-
gration scheme, for evaluating matrix elements between ba-
sisfunctions which are either numerical atomic orbitals
~NAO! or Slater type exponential functions ~STO! in Refs.
11 and 13, the density fitting procedure, for evaluating the
Coulomb potential, in Ref. 14, and the quadratic tetrahedron
method, for evaluating the integrals over the BZ, in Refs. 15
and 16. In the time-dependent extension2 on this DFT imple-
mentation we employ a lattice periodic ~microscopic! effec-
tive scalar potential, in combination with a uniform ~macro-
scopic! transverse electric field Emac(r,t). For solving the
TDDFT equations, an iterative scheme is used, with a fixed
macroscopic electric field and in which the microscopic po-
tential is updated in each cycle, until self-consistency in the
first order density change @dr(r,v)# is established. The
evaluation of the integrals over the irreducible Brillouin zone
~IBZ! in the Kohn–Sham response kernels, xab(r,r8,v)
~which show up in the first order density change! are done
numerically with integration weights as described in Ref. 1,
so singularities in the response kernels, at resonance frequen-
cies, are handled analytically. Finally, after establishing self-
consistency in the density change, we obtain the electric sus-
ceptibility xe(v) and thus the dielectric function e(v) from
the ~paramagnetic! induced current djp(r,v), hereby using
the conductivity sum rule. Results for the dielectric function
of various nonmetallic crystals using this TDDFT implemen-
tation can be found in Ref. 1.
IV. RESULTS FOR INDIUM ANTIMONIDE
A. Band structure
In Fig. 1 we show the band structure of InSb, with and
without the inclusion of scalar relativistic effects in the
ground-state DFT calculation. In order to facilitate the com-
parison between the two band structure calculations we made
the Fermi energy levels coincide. The calculations were done
by using a 3Z2P NAO/STO basis ~basis V in the BAND
program!, which is a triple zeta basis augmented with two AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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the 4d atomic states of In and Sb were included in the va-
lence basis. These states give rise to shallow core bands,
which can affect the position of the valence band
maximum.6,7 As can be seen from the band structure in Fig.
1 and the blowup of the band structure around the center (G)
of the BZ in Fig. 2, the inclusion of scalar relativistic effects
stabilizes the lowest s-like conduction band considerably
more than the highest valence bands.17,18 Consequently the
conduction band is lowered in energy below the top valence
bands, and this causes an avoided crossing between the s-like
conduction band and one of the valence bands. These bands
change in character from s-like to p-like near G and vice
versa, as indicated in Fig. 2. The ordering of the energy
bands is changed and the bandgap vanishes at the G point.
Thus LDA-ZORA predicts InSb to be a semimetal, as was
also found in Ref. 19 and in the full-potential scalar relativ-
istic LAPW calculations of Ref. 7. The inclusion of spin–
orbit coupling in the relativistic calculation will only cause a
splitting of the top p-like valence bands into an occupied p1/2
band and a half occupied p3/2 band, thereby leaving InSb to
be a semimetal, as was confirmed by earlier fully relativistic
LMTO calculations in Ref. 6. Experimentally InSb is found
to be a semiconductor with a narrow bandgap of 0.23 eV.5 In
FIG. 1. Band structure of indium antimonide ~InSb!, the solid line is the
scalar relativistic ~SR!, and the dashed line is the nonrelativistic ~NR!
ground-state calculation.
FIG. 2. Blowup of the band structure around the center (G) of the Brillioun
zone, as indicated in Fig. 1. The solid line is the SR and the dashed line is
the NR ground-state calculation.Downloaded 27 Jan 2006 to 129.125.25.39. Redistribution subject toour SR band structure we find the generally accepted trend
for DFT-LDA band structure calculations, that the band gaps
are normally underestimated for semiconductors, and in the
case of InSb predicting this crystal even to be a semimetal.
Nevertheless the scalar relativistic calculated band structure
is in good agreement with experiment,20 e.g., comparing the
valence band width of 10.8 eV in our SR band structure with
experiment20 of 11.2 eV @ultraviolet photoemission spectros-
copy ~UPS!# and 11.7 eV @x-ray photoemission spectroscopy
~XPS!#. The valence band energies for L3 , X3 , and X1 @see
Fig. 1# are 21.0, 26.0, and 28.8 eV, respectively, which is
also in good agreement with the UPS experimental values of
21.1, 26.5, and 29.0 eV, respectively.
B. Static dielectric constant
In Table I we give the values for the calculated static
dielectric constant (e‘) for InSb with and without including
scalar relativistic effects in the ground-state and also the
time-dependent DFT calculation. For the integration in recip-
rocal space we used several accuracies, in which we varied
the number of k-points in the irreducible part of the Brillouin
zone ~IBZ!. The improvement upon the static value for the
dielectric constant with the inclusion of SR effects in the
ground-state DFT calculation is very clear from Table I.
Looking at the relative errors compared to the experimental
value (e‘515.7) of Ref. 3, it can be seen that the error is
42% in the nonrelativistic calculation, and 8% when scalar
relativistic effects were included in the ground-state calcula-
tion. From Table I it can be seen that for the value of e‘ the
inclusion of SR effects in the ground-state DFT calculation is
most significant, and that the improvement becomes even
more evident when SR effects are also included in the re-
sponse calculation. Now, after including SR effects for InSb,
we find the same accuracy for e‘ , about 5% deviation from
experiment, as we found earlier for the III-V compounds in
the zinc-blende structure of Ref. 1. Other theoretical calcu-
lations for the e‘ of InSb by Huang et al.21 were less accu-
rate, their value of 13.51 underestimates experiment3 by
14%. This nonrelativistic value was obtained from an un-
coupled response calculation in which the x0 response is
directly calculated from the ground-state DFT solutions, and
therefore, this value does not include the Coulomb or
exchange-correlation contributions.
C. Dielectric function
In Fig. 3 we show the dielectric function e(v) of InSb,
with and without the inclusion of scalar relativistic effects in
TABLE I. Static dielectric constant of InSb including non/scalar relativistic
~NR/SR! effects in the ground-state/time-dependent DFT calculation, and
error compared to the experimental value of 15.7 @E. Burstein, H. Brodsky,









3/15 11.91 24 18.13 15 18.12 15
4/34 11.22 29 16.63 6 16.61 6
5/65 9.15 42 16.91 8 16.42 5 AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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experimental data of Ref. 22. The result for e(v) with SR
effects also included in the response calculation did not de-
viate by more than a few percent from the one in which SR
effects were only included in the ground-state calculation.
The calculated spectra for e(v) were shifted to higher ener-
gies in order to facilitate the comparison with experiment in
such a way that the zero crossings in the calculated
Re@e(v)# coincided with the experimental zero crossings.
The shifts needed to accomplish this were 0.15 eV for the
NR and 0.3 eV for the SR spectra. LDA calculated the band-
gaps to be 0.99 and .0 eV in the NR and SR case, respec-
tively, and these values should be compared to the experi-
mental gap of 0.23 eV.5 Therefore, we find, in agreement
with earlier findings,1 that there is no direct relation between
the necessary shifts of the spectra, and the error in the cal-
culated LDA band gaps. The improvement upon the calcu-
lated ~shifted! dielectric function e(v) after the inclusion of
scalar relativistic effects in the ground-state DFT calculation
is clear from Fig. 3. The overall agreement of the e(v) with
the inclusion of SR effects and experiment22 is very good,
even though there are still some features to be improved. For
example, the position of the E2 peak23 ~high-energy peak in
Im@e(v)#) coincides with experiment, but it is too sharp and
the magnitude is overestimated compared to experiment. Al-
though we do find the right magnitude for the E1 peak ~low-
energy peak in Im@e(v)#), the double peak structure found
in experiment is not reproduced.
FIG. 3. Plots of the real and imaginary part of the calculated dielectric
function of InSb including nonscalar relativistic ~NR/SR! effects in the
ground-state/time-dependent DFT calculation, in comparison with the ex-
perimental data @P. E. Aspnes and A. A. Studna, Phys. Rev. B 27, 985
~1983!#. The calculated spectra are shifted 0.15 eV NR, and 0.3 eV in the
SR case.Downloaded 27 Jan 2006 to 129.125.25.39. Redistribution subject toV. CONCLUSIONS
We show how to include scalar relativistic effect within
the zeroth-order regular approximation in time-dependent
density-functional theory for the optical response properties
of nonmetallic crystals. These TDDFT equations can also be
applied to calculate the optical response properties of semi-
metals, because they do not show any singular behavior even
though the Kohn–Sham band gap vanishes. The band struc-
ture of InSb shows a considerable stabilization of the s-like
conduction band minimum with the inclusion of SR effects
in the ground-state DFT calculation. LDA predicts the band
gap in the G point even to vanish, and therefore predicting
InSb to be a semimetal. The relative error in the static value
of the dielectric constant becomes 5% compared to experi-
ment when SR effects are included in the ground-state DFT
calculation as well as in the time-dependent response calcu-
lation. The same accuracy as was found earlier with our
TDDFT implementation for the III-V compounds in the zinc-
blende structure. The dielectric function with inclusion of SR
effects is clearly an improvement over the NR one, and is
quite good compared to experiment, although the spectral
features are still somewhat shifted to too low energies com-
pared to experiment.
APPENDIX: SMALL-FREQUENCY RESPONSE
As we argued before, it is instructive to investigate the
k-dependence of the off-diagonal jˆ-matrix elements for the
critical bands and region around G . Therefore, let us con-
sider the following kp analytic continuation of the Bloch,
respectively, eigenfunctions near a special k-point. The





where the particular choice of eigenfunctions fsk(r) consti-
tutes a complete orthogonal basis at k. In order to establish
the orthogonality also for the cnk1h(r) functions the expan-





s ~h!5dnm . ~A2!
These coefficients can be found by substituting the expan-
sion in the scalar relativistic Kohn–Sham equation and by
calculating the inner products with respect to exp(ih





in which the factor gsk5^fskug(r)ufsk&, where we intro-
duced the shorthand notation g(r)5c2/(2c22veff(r)). In
the limit of h→0 the expression reduces to the simple rela-
tion (esk2enk)cnks (0)50. Thus the coefficients cnks (h) have
to vanish asymptotically unless esk5enk and hence they con-
stitute an ordinary unitary transformation that mixes merely AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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the analytic continuation of the ~vertical! jˆ-matrix elements







The current matrices follow directly by adding the Hermitian
adjoint to this expression. Note that g(r)5c2/(2c2
2veff(r)) involves only the fully symmetric ground-state po-
tential. The orthogonality of degenerate fsk(r) eigenfunc-
tions is due to symmetry, which is not affected by this totally
symmetric factor. The orthogonality involving nondegener-
ate states with eskÞenk can be affected, but here the expan-
sion coefficients behave asymptotically as cnk
s (h)}h , i.e.,
they vanish in zeroth order as argued above. Since the factor
gsk5^fskug(r)ufsk& is identical for each partner of the set






s*~h!^fskujˆuf tk&cmkt ~h!. ~A5!
By taking the derivative with respect to h of the kp Eq.















s*~0!^fskujˆuf tk&cnkt ~0!5^cnkujˆucnk&, ~A7!
a well-known result. In this particular case, i.e., for the criti-
cal states esk5e tk5eFermi at k5G , all diagonal jˆ-matrix el-
ements vanish due to symmetry, so that we get a quadratic
energy dispersion relation enk2en0}k2. The leading order
terms are then given by
jnm~k!’O~k !dnm1O~k2!, ~A8!
so we get a quadratic leading order in the off-diagonal
jˆ-matrix elements in the case of enk5emk5eFermi with n
Þm .
In the subsequent analysis we can neglect any anisotropy
in the energy dispersion, as well as the angular dependence
of the jˆ-matrix elements, without invalidating the arguments.
In the evaluation of the small frequency behavior of the criti-
cal contributions to the various response kernels xab(v), we






~A9!Downloaded 27 Jan 2006 to 129.125.25.39. Redistribution subject towhere V is a small sphere surrounding G and n is the number
of times the off-diagonal jˆ-matrix elements appear in the
numerator, i.e., n50 for xrr(v), n51 for xrj ,x jr(v), and
n52 for x jj(v). Note that the diagonal elements do not
contribute at all. The functions an(k)’an(0)1O(k) are
regular functions of k. The contributions of cnk and cn2k
5cnk* are related due to time-reversal symmetry, which has
been made explicit in the combination of an(k) and an*(k) in
the numerator. These integrals can be evaluated directly,
with a general structure given by
Dxab~v!}pn~v!1vnAuvu@q~v!22ip2u~v!#
1O~hn12!, ~A10!
in which the polynomial part pn(v) of order n contains only
even~odd! powers of v for even~odd! n, just like the regular
contributions to the response functions which result from the
nondegenerate bands. The additional terms @in which u(v) is
the unit step function and q(v) a regular function of v]
scale like vnAuvu which is just one-half an order higher. We
can conclude that the absence of a band gap does not lead to
irregular contributions to the response functions, and that we
can expect a small frequency behavior of xe(v)’xe(0)
1O(Av).
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